We show that multipartite mixed bipartite CC and CQ states are geometrically and topologically distinguished in the space of states. They are characterized by non-vanishing Euler-Poincaré characteristics on the topological side and by the existence of symplectic and Kähler structures on the geometric side.
Introduction
The existence of quantum correlations for multipartite separable mixed states can be regarded as one of the most interesting quantum information discoveries of the last decade. In 2001 Ollivier and Żurek [1] (see also [2] ) introduced the notion of quantum discord as a measure of the quantumness of correlation. Quantum discord is always nonnegative [3] . The states with vanishing quantum discord are called pointer states. They form the boundary between classical and quantum correlations [3] . The bipartite pointer states can be identified with so-called classicalquantum, CQ states [3] . An important subclass of CQ states are classical-classical, CC states which play an important role in quantification of the quantum correlations [4, 5] and were recently considered in the context of broadcasting scenarios [6, 7] . It is known that both classes are of measure zero in the space of density matrices [8] .
In this paper we focus on the symplecto-geometric and topological characterizations of mixed bipartite CC and CQ states. In [9] it was shown that pure separable states form the unique symplectic orbit of the local unitary (LU) group action. All other LU action orbits are non-symplectic. Moreover, the more non-symplectic is a LU action orbit the more entangled are states belonging to it [9, 10] .
As we show in the present work, the symplectic techniques can be also applied to describe mixed states. Remarkably, the non-degenerate symplectic structure is present on a generic local unitary orbit through CC and CQ states rather than separable states. More precisely, for density matrices defined on H = C N1 ⊗ C N2 we show that the closure of all symplectic SU (N 1 ) × SU (N 2 )-orbits is exactly the set of CC states. Similarly, the closure of all symplectic SU (N 1 ) × I N2 -orbits gives the set of CQ states. This clearly indicates that symplecticity generically detects non-quantum rather than non-entangled states. For pure states two concepts overlap. Interestingly, symplectic orbits through CC and CQ states can be also characterized as the only orbits that inherit Kähler structure that comes from the Kähler structure on the adjoint orbits of SU (N 1 N 2 ), that is, on the manifold of isospectral density matrices.
We also provide the topological characterization of pure seprarable, CC and CQ states. More precisely, for pure L-partite and bipartite mixed states we study Euler-Poincaré characteristics, χ on LU action orbits. Using Hopf-Samelson theorem [11] we show that for pure states χ is non-zero exactly on the manifold of separable states. Moreover, for bipartite mixed states, SU (N 1 ) × SU (N 2 )-orbit has non-vanishing Euler-Poincaré characteristics if and only if the states belonging to it are CC. Similar result is true for SU (N 1 ) × I N2 -orbits and CQ states. As a conclusion separable, CC, and CQ states are topologically distinguished.
The paper is organized as follows. In Section 2 we discuss the relevant geometric structures present on the manifold of bipartite isospectral density matrices, O ρ . The orbits of SU (N 1 ) × SU (N 2 ) and SU (N 1 ) × I N2 are in a natural way homogenous submanifolds of this manifold. In Section 3 we discuss the restriction of the geometric structures to arbitrary homogenous submanifolds of O ρ . In Section 4 we show how symplectic and Kähler structures distinguish classes of orbits trough CC and CQ states. The second part of the article deals with the topological characterization of these orbits. Section 5 discusses the Hopf-Samelson theorem for calculation of the Euler-Poincaré characteristic of homogenous spaces. In subsequent Section 6 we compute the Euler-Poincaré characteristic of orbits of pertinent groups through pure separable, CC, and CQ states and show that these are the only orbits with non-zero Euler-Poincaré characteristic.
By Facts we always denote results that are known. We do not present their proofs and refer the reader to the literature. On the other hand, by Propositions and Corollaries we denote all new results. Their proofs are included in the text.
Geometric structures on the manifold of isospectral density matrices
A bipartite density matrix is a non-negative, trace-one operator ρ on
Two density matrices are isospectral if they have the same spectra. In the following we discuss geometric structures present on the set of isospectral density matrices. In particular, we show that this set is a compact Kähler manifold, that is, there exist mutually compatible symplectic, Riemannian and complex structures on it.
Let ρ 0 be a diagonal bipartite density matrix. The density matrices which are isospectral with ρ 0 form an adjoint orbit through
The Lie algebra g of group G, i.e. the space of anti-hermitian N × N traceless matrices is equipped with the G-invariant inner product defined by
For ρ ∈ O ρ0 let G ρ = {g ∈ G : Ad g (ρ) = ρ} be the stabilizer of ρ and g ρ = {X ∈ g : [X, ρ] = 0} its Lie algebra. The geometric structures we want to discuss are defined on the tangent bundle of O ρ0 , T O ρ0 = ρ∈Oρ 0 T ρ O ρ0 . Thus we first need to describe T ρ O ρ0 , the tangent space to O ρ0 at any ρ ∈ O ρ0 . To this end, for X ∈ g consider the corresponding fundamental vector fieldX
As the action of G on O ρ0 is transitive, the fundamental vector fields at ρ ∈ O ρ0 span T ρ O ρ0 . Note that for X ∈ g ρ the corresponding fundamental vector field vanishes,X ρ = 0. Therefore, the tangent space T ρ O ρ0 can be identified with g ⊥ ρ , that is, with the orthogonal complement with respect to the inner product (1) of
Symplectic structure on O ρ The symplectic form on O ρ is given by the Kirillov-Kostant-Souriau (KKS) form. This is a 2-form which acts on the tangent space
where, X, Y ∈ g ⊥ ρ and i 2 = −1 ensures that iρ is antihermitian and ω ρ (X ρ ,Ỹ ρ ) has real value. Clearly when X ∈ g ρ or Y ∈ g ρ we have ω ρ (X ρ ,Ỹ ρ ) = 0 which means that indeed ω ρ is defined on the tangent space T ρ O ρ0 . One can also check that ω is closed and non-degenerate. Therefore ω defines a symplectic structure on O ρ0 . Moreover, group G acts on O ρ0 in a symplectic way, i.e. g * ω = ω, where g * ω denotes the pullback of ω by the action of g ∈ G.
Complex structure on O ρ Having the KKS symplectic form (3) on O ρ0 there exists a natural almost complex structure associated to it. It is defined as follows. For ρ ∈ O ρ0 we compute the polar decomposition of the map
It is straightforward to see that this restriction is non-degenerate and that it defines a skew-symmetric operator (with respect to inner product (1)) , ad * ρ = −ad ρ . Therefore the polar decomposition reads
where P ρ : g → g is a positive operator, J ρ : g → g is orthogonal and skew-symmetric, J * ρ = −J ρ and [J ρ , P ρ ] = 0. It follows that J 2 ρ = −I. Therefore J ρ can be used to define almost complex structure on O ρ0 . In fact J ρ turns out to be integrable and consequently it defines the complex structure on O ρ0 [12] .
Riemannian and Kähler structures on O ρ The last structure on O ρ0 is the Riemannian structure that is compatible with ω and J introduced above. It is given by the following formula
for ρ ∈ O ρ0 and X, Y ∈ g ⊥ ρ . One easily checks that so defined g is symmetric, positive definite and G-invariant. Moreover, straightforward computation shows that it is compatible with both ω and J, i.e.
Thus structures ω, J and g define Kähler structure on O ρ0 . Due to the positive-definiteness of g ρ , O ρ0 is a positive Kähler manifold [9] .
Restrictions of geometric structures
Having defined the relevant geometric structures on O ρ0 we consider the following problem. Let K be a compact semisimple Lie subgroup of G, K ⊂ G. By restriction of the adjoint action K acts on O ρ0 in a symplectic way. We denote K-orbit through ρ ∈ O ρ0 by K.ρ. Obviously K.ρ ⊂ O ρ0 . One can thus consider the restriction ω| K.ρ of the symplectic form (3) to K.ρ. The restricted form is still closed, dω| K.ρ = 0, but it need not to be non-degenerate. As a result, K-orbits in O ρ need not to be symplectic. We want to know which of them are. Moreover, we want to know if those which are symplectic are also Kähler. Before we state the relevant theorems we review some background information concerning semisimple Lie algebras. For more detailed account of this topic consult [14] .
Root decomposition of a compact semisimple Lie algebra Let k be the Lie algebra of K. As K is a compact semisimple Lie group, the algebra k has the following root decomposition [14] 
where, t is a Cartan subalgebra of k and α ranges over all positive roots. The Cartan subalgebra t is
Moreover, for each positive root α the triple
Example 1. For k = su(N ) the root space decomposition is particularly simple
where
and i, j ∈ {1, . . . , N }.
Kostant-Sternberg theorem Symplectic orbits K.ρ ⊂ O ρo are characterized by the Kostant-Sternberg theorem [13] (see also [15] ). The necessary condition for the orbit K.ρ ⊂ O ρo to be symplectic is Fact 1. (The necessary condition) If the orbit K.ρ ⊂ O ρo is symplectic (with respect to the restriction of KKS symplectic form (3)) then there existsρ ∈ K.ρ such that [X,ρ] = 0 for all X ∈ t, where t is a Cartan subalgebra of k.
In the following we assume that the necessary condition is satisfied, that is, [ρ, t] = 0. Using (2) and the root decomposition (6) we have
where the sum is over positive roots and
We will need the following fact whose proof can be found in [9, 13] .
Thus ω| K.ρ is non-degenerate if and only if it is non-degenerate on each P α separately. Using (3) and (9) it is straightforward to check:
Then for any P α we have exactly three possibilities:
and ω| Pα is non-degenerate, if and only if tr (ρH α ) = 0.
We can now state the Kostant-Sternberg theorem in its usual form. 
In order to measure how non-symplectic is an orbit K.ρ we will, similarly to [9] , use the notion of degree of degeneracy ω| K.ρ , D(K.ρ). It is given by
The dimension of K.ρ is
where |X | denotes the number of elements of a discrete set X . The rank of ω| K.ρ is
Restriction of Kähler structure In order to charcterize Kähler K-orbits in O ρo we need the following result. Proof. Every Kähler submanifold of O ρo is symplectic [13] . Thus, we need to show that symplectic submanifolds of O ρo are Kähler. In fact, due to the definition of complex structure on O ρo ( 4), every symplectic submanifold of O ρo is complex. Therefore, by virtue of Fact 5, we conclude that every symplectic submanifold of O ρo is Kähler.
The above result, together with Fact 5 guaranties that if on a given orbit K.ρ ⊂ O ρo the restriction of either symplectic or complex structure is well defined, then K.ρ is automatically Kähler and vice versa.
Geometric description of CC and CQ states
In the following we apply the ideas presented in sections 2 and 3 to mixed bipartite states. Let H = H A ⊗ H B , where
We start with definitions of CC and CQ states. A quantum state ρ defined on H is called a CC state [4] if it can be written in the form
where {|i } N1 i=1 is an orthonormal bases in H A and {|i } N2 j=1 is an orthonormal bases in H B . A quantum state ρ defined on H is called a CQ state if it can be written in the form
where {|i } N1 i=1 is an orthonormal bases in H A and {ρ i } N2 i=1 are density matrices defined on H B . In order to use the tools presented in section 3 we need to choose some subgroup K ⊂ G. Note that both CC and CQ are SU (N 1 ) × SU (N 2 )-invariant sets. It turns out that for CC the relevant group is indeed SU (N 1 ) × SU (N 2 ). On the other hand, in order to distinguish geometric properties of CQ states, one has to take SU (N 1 ) × I N2 .
Results for CC states
In the following we prove our main results, i.e. we show that the orbits through generic CC states of the group
are the only symplectic orbits in the space of density matrices on H. We also compute the rank and the dimension of degeneracy of the symplectic form restricted to K-orbits through CC states. Finally, we illustrate our results by the example two-quibit system.
The root decomposition (6) of the Lie algebra k = su(N 1 ) ⊕ su(N 2 ) is a direct sum of root decompositions of su(N 1 ) and su(N 2 ) which are given by (7) . In the following we use the representation
Under (15)
where matrices X ij , Y ij and H ij are defined as in (8) and
Proposition 2. If the K-orbit is symplectic, then it consists only of CC states, i.e. CC states satisfy the necessary condition given in Fact 1.
is symplectic if and only if the following conditions hold:
By Fact 4 we first verify when tr(ρH α ) = 0 :
Similarly
Next, we verify when
Analogously
Therefore condition tr (ρH α ) = 0 ⇒ [E α , ρ] = 0 translates to the above conditions 1 and 2.
Remark. One can interpret results stated in the Proposition 3 in terms of the reduced density matrices of ρ. First, the K-orbit through a CC state ρ is symplectic, if spectra of ρ 1 = tr 2 (ρ) and ρ 2 = tr 1 (ρ) are non-degenerate. Moreover, whenever there is a pair of equal eigenvalues in the spectrum of ρ 1 or ρ 2 , the K-orbit through ρ is symplectic provided ρ satisfies conditions 1 and 2 stated in Proposition 3.
Corollary 1. For generic CC state the spectra of ρ 1 and ρ 2 are non-degenerate. Therefore, the set of all CC states is the closure of all symplectic K-orbits in the space of quantum states.
Proof. By Proposition 3 the degeneracies in the spectra of ρ 1 and ρ 2 are described by equations for hyperplanes in the set of CC states for fixed bases {|i } and {|j } in H A and H B respectively, i.e.
for some i = j. There is a finite number of them, and thus the complement of the set described by them is dense in the set of all CC states.
Remark. By Proposition 1, conditions given in Propositions 2 and 3, are necessary and sufficient conditions for an orbit of a local unitary group to be Kähler. This is in contradiction with [15] where it is claimed that there is only one Kähler orbit of K = SU (N 1 ) × SU (N 2 ) in the space of density matrices. Our analysis clearly shows that it is otherwise -every K orbit through a generic CC state is symplectic. The discrepancy of [15] with the results presented here steams from the inadequate action of K C on the space of density matrices used in [15] in the proof of discussed result.
We now turn to a detailed description of symplectic properties of orbits through CC states. We compute dimensions of orbits, dim K.ρ, rank of the symplectic form restricted to orbits rk ω| K.ρ , and its degree of degeneracy, D (K.ρ). We first introduce the notation which will be used in formulas for these quantities.
For fixed ρ ∈ CC we consider the coefficients p ij of ρ as entries of the N 1 × N 2 matrix P . Let R i be its i-th row and C j be its j-th column. Let S(X) denote the sum of elements in X, for X being either a row or a column.
That is, SR and SC consist of all numbers one can get by summing elements in rows and columns of P respectively. For each r ∈ SR and c ∈ SC, let
be sets consisting of indices that label rows and columns of P whose sums of elements are equal to r and c respectively. Of course, {1, . . . , N 1 } = r∈SR I r and {1, . . . , N 2 } = c∈SC I c , where denotes the union of sets. Moreover, for each r ∈ SR and c ∈ SC, let
be the sets consisting of rows and columns of P whose sums equal r and c respectively. Let
be the sets consisting of all rows and columns of P . For each R ∈ R, C ∈ C let
be the sets consisting of indices that label rows and columns of P that equal R and C respectively. Of course for each row R we have I R ⊂ I S(R) and for each column C we have I C ⊂ I S(C) . Moreover for each r ∈ SR, I r = R∈Rr I R and for each c ∈ SC, J c = C∈C J C . Finally, let us denote by |X | the number of elements of a discrete set X and by (24) we have
Hence
By (12) for calculation of rank ω| K.ρ it is enough to determine when tr (ρH α ) = 0. By (19) and (20) we have
p jl ⇐⇒ i, j ∈ I r for some r ∈ SR ,
Thus
Having established formulas for dim K.ρ and rank ω| K.ρ we arrive at our final result:
Proposition 4. The dimension of the degeneracy of the symplectic form on the orbit through the CC state ρ = i,j p ij E ii ⊗ E jj is equal to
Remark. CC states, for which the corresponding K-orbits have the maximal degree of degeneracy D(K.ρ), correspond to so-called magic rectangles [16] . To be more precise, the maximum in equation (37) is obtained when |R| = N 1 , |C| = N 2 and both SR and SC have precisely one element. Translating these conditions to the properties of N 1 × N 2 matrix p ij encoding a given CC state ρ, one arrives at the following conditions:
1. Each row and colum of p ij have to consist of different elements.
2. Sums of elemenst in each row are the same. The same concerns sums of elements in each column.
Two-qubit CC states
Let ρ = p 11 E 11 ⊗ E 11 + p 12 E 11 ⊗ E 22 + p 21 E 22 ⊗ E 11 + p 22 E 22 ⊗ E 22 . We will now use Proposition 4 to calculate dimensions of orbits, ranks of the form ω ρ , and its degrees of degeneration. Therefore, let us consider the matrix Distinct sums in columns, equal sums in rows Similarly to the case above, we consider ρ such that P = α Equal sums in columns and rows What remains is the case p 11 + p 12 = p 21 + p 22 , p 11 + p 21 = p 12 + p 22 .
With α = p 11 , simple calculations lead us to P = α
, then both columns and both rows are equal, and the orbit is of dimension 0. In fact, it is just a point ρ = Because in the case considered CC states in a fixed computational basis |1 |1 , |1 |2 , |2 |1 and |2 |2 form a three-dimensional simplex, it is possible to draw pictures illustrating the results discussed above. We denote vertices of the simplex we denote by E 11 ⊗ E 11 , E 11 ⊗ E 22 , E 22 ⊗ E 11 and E 22 ⊗ E 22 . Subsequent figures show dimension of LU -orbits as well as the rank and degree of degeneracy for different points in this simplex. 
Results for CQ states
Setting K = SU (N 1 ) × I N2 give us analogous results for CQ states as we got for CC states. In this case the Lie algebra of K, k = su(N 1 ) is represented on H via the mapping
Throughout the computations we will use the notation analogous to the one used for CC states:
where matrices X ij , Y ij and H ij are defined as in (8) and i, j ≤ N 1 .
Proposition 5. If the orbit of adjoint action of K = SU (N 1 ) × I N2 is symplectic, then it consists only of CQ states.
Proof. Let K.ρ be symplectic. By Fact 1, we may assume that [t, ρ] = 0. Thus ρ and elements from t must have common eigenvalues. Therefore, ρ has the form of the CQ state.
Proposition 6. The orbit of the coadjoint action of K = SU (N 1
Following Fact 1, we check for which α we have tr(ρH α ) = 0.
We also check the condition
So tr(ρH α ) = 0 =⇒ [E α , ρ] = 0 for all positive roots H α translate to the conditions given above.
Corollary 2. A generic orbit of the adjoint action of K = SU (N 1 ) × I N2 through a CQ state is symplectic and the set of all CQ states is equal to the closure of the sum of all symplectic orbits of SU (N 1 ) × I N2 in the space of quantum states.
Proof. Analogous to the proof of Corollary 1.
Just like in the case of of CC states, conditions given by Propositions 5 and 6 are necessary and sufficient conditions for an orbit of the group SU (N 1 ) × I N2 in O ρ0 to be Kähler.
We now give more detailed description of K-orbits through CQ states. We compute dimensions of orbits, dim K.ρ , rank of the symplectic form restricted to orbits rk ω| K.ρ , and its degree of degeneracy, D (K.ρ). We first introduce necessary notation which we then use to compute numbers we are interested in. Let us fix ρ ∈ CQ and let
be the set of probabilities that appear in (14) . For each p ∈ P, let
be the set of indices that have the same value of p. Of course {1, . . . , N 1 } = p∈P I p . For p ∈ P, let
be the set consisting of all p i ρ i that appear in the decomposition (14) . For each σ ∈ Q, let
Of course for each σ ∈ Q we have I σ ⊂ I trσ . Moreover for each p ∈ P, I p = σ∈Qp I σ . As before, we assume the convention a b = 0 for a < b. We essentially repeat arguments that were given to justify Proposition 4. The only difference now is the structure of the group K. One should introduce minor corrections in the argumentation. In particular, sets R and C should be replaced by the set Q. Also, the set P should be taken instead of the sets SR and SC. By the analogy we obtain the following formulas:
We can now state the final result.
Proposition 7. The dimension of the degeneracy on the K-orbit through a CQ state ρ is equal to
CC, and CQ states. We start with the discussion of pure separable states. While discussing CC and CQ states we will use the notation from Section 4.
Pure separable states Consider the system consisting of L distinguishable particles described by
Manifold of pure states, PH, consist of all rank-one orthogonal projectors defined on H. The group of local unitary operations
k.|ψ ψ| = k|ψ ψ|k −1 , for k ∈ K and |ψ ψ| ∈ PH .
The manifold of separable states, Sep, consists of states of the form |ψ ψ|, where |ψ = |φ 1 ⊗ |φ 2 ⊗ . . . ⊗ |φ L , for some normalized |ψ i ∈ C Ni . Separable states form the K-orbit through |ψ 0 ψ 0 |, where |ψ 0 is a simple tensor. In what follows we will prove that the manifold of separable states is the only K-orbit that have non-vanishing Euler-Poincaré characteristic. Any maximal torus of K is given by T = T 1 × T 2 × . . . × T L , where each T i is some maximal torus of SU (N i ). It is a matter of straightforward calculation to see that
One easily checks that if a stabilizer of a given state K |ψ ψ| contains some T , then |ψ ψ| is separable (proof is analogous to the proof of Proposition 1). Moreover, it is known that for the separable |ψ ψ| we have [17] 
Straightforward calculation gives
Taking into account the above discussion and Fact 6 we arrive at the following Proposition. CC and CQ states In order to compute the Euler-Poincaré characteristic of orbits through CC and CQ states we need to compute the stabilizers of the action of relevant groups acting on the state of interest. We first show that CC and CQ sates are uniquely characterized by the non-vanishing Euler-Poincaré characteristic of orbits SU (N 1 ) × SU (N 2 ) and SU (N 1 ) × I N2 respectively.
Proposition 9. Let ρ ∈ O ρ0 be a mixed state of a bipartite system
be a group of the local unitary operations. The K-orbit through ρ, K.ρ, has non-vanishing Euler-Poincaré characteristic if and only if ρ is a CC state.
Proof. Every maximal torus of K is of the form T 1 × T 2 , where T 1 and T 2 are maximal tori of SU (N 1 ) and SU (N 2 ) respectively. By Proposition 1, if ρ is stabilized by some T , then ρ is a CC state. Conversely, straightforward calculation shows that every CC state is stabilized by some maximal torus T ⊂ K. By the Fact 6 we get that χ (K.ρ) = 0.
Proposition 10. Let ρ ∈ O ρ0 be a mixed state of a bipartite system
The K-orbit through ρ, K.ρ, has the non-vanishing Euler-Poincaré characteristic if and only if ρ is a CQ state.
Proof. The proof is completely analogous to the proof of Proposition 9.
We next compute the Euler-Poincaré characteristic. We start with the case of CQ states as the computation for CC will follow from the former.
Proposition 11. For a CQ state ρ and K = SU (N 1 ) × I N2 , under the notation used in Proposition 7, the Euler characteristic of K.ρ is equal to
Proof. Due to Fact 6 , χ(K.ρ) =
Because Stab K ρ is connected (see Appendix for the proof), in order to find K ρ it is enough to find the Lie algebra of the stabilizer, Lie (K ρ ). It is precisely the annihilator of ρ with respect to the adjoint action of k. Since all non-zero elements of {[E α , ρ]} are linearly independent (it follows directly from (43)), the annihilator of ρ is spanned by all iH α and all i(E α + E −α ), (E α − E −α ) for which [E α , ρ] = 0. Recall that [E ij ⊗ I N2 , ρ] = 0 if and only if i, j ∈ I σ for some σ ∈ Q. Therefore we have
wheret is spanned by elements of the Cartan algebra that are not included in the first part of the above expression. Note that
for some k. Passing to the Lie group picture we get
×k is a k-dimensional torus. It follows that
We will use parts of the above reasoning in the computation of χ(K.ρ) for CC states.
Proposition 12. For a CC state ρ and K = SU (N 1 ) × SU (N 2 ), under the notation used Proposition 4, the Euler-Poincaré characteristic of K.ρ is equal to
Proof. Due to Fact 6, χ(K.ρ) =
In order to compute |W (K ρ )| we find K ρ . Just like in the CQ case K ρ turns out to be connected (see Appendix for the proof) and in order to find K ρ it is enough to find its Lie algebra, that is, the annihilator of ρ with respect to the adjoint action of k. We have k = su(N 1 ) ⊕ su(N 2 ). For X ∈ su(N 1 ) and Y ∈ su(N 2 ) the non zero elements of the form [X ⊗ I N2 , ρ] and [I N1 ⊗ Y, ρ] are linearly independent (see (23) and (24)). Therefore, the annihilator of ρ with respect to the adjoint action of k is a direct sum of annihilators with respect to actions of su(N 1 ) and su(N 2 ) taken separately:
From the perspective of the representations (60) and (61) the state ρ can be considered separately as CQ or QC state. The definition of a QC state is analogous to the definition of CQ state. Annihilators of ρ with respect to the action of su(N 1 ) or su(N 2 ) are thus annihilators of ρ treated as a CQ or QC state. Let Q (1) and I
(1) σ be sets Q and I σ (see (47) and (48) ) when ρ is treated as a CQ state. Analogously, let Q (2) and I
σ be sets Q and I σ when ρ is treated as a QC state. Repeating the reasoning from the proof of Proposition 11 we get (see (58))
for some k. Therefore we have
SU |I We now consider different presentations of a CC state ρ = i,j p ij E ii ⊗ E jj that are suitable when it is treated as a CQ or QC state. We define the marginal distributions p
(1) i = j p ij and p (2) j = i p ij . We have
i ,
where σ 
where σ (63) shows that the set Q (1) is in the bijection with the C. That is each σ ∈ Q (1) correspond to the unique C ∈ C. For such a pair we have I
(1) σ = |J C |. Similarly, we have the bijection between Q (2) and R. Each σ ∈ Q (2) correspond to the unique R ∈ R and we have I
(2) σ = |I R |. These two observations together with (62) conclude the proof.
Summary and outlook
We have showed that geometric and topological methods can be applied to distinguish interesting classes of mixed states of composite quantum systems. On the geometrical side we proved that for bipartite system C N1 ⊗ C N2 the generic CC states are distinguished as Kähler orbits of SU (N 1 ) × SU (N 2 ) in the manifold of isospectral density matrices. Similarly, the generic CQ states are distinguished as Kähler orbits of SU (N 1 ) × I N2 in the same manifold. On the topological side we studied the Euler-Poincaré characteristic of orbits of relevant groups through arbitrary multipartite pure, CC, and CQ states. We proved that non-zero Euler-Poincaré characteristic of orbits of the local unitary group through pure multipartite and bipartite mixed states characterizes pure separable and CC states. Analogously, non-vanishing Euler-Poincaré characteristic of orbits SU (N 1 ) × I N2 on bipartite mixed states detects CQ states. Above results can be easily generalized to mixed states of multipartite systems. For example in the tripartite case, geometric and topological features of the orbits of the suitably chosen groups should distinguish classes of CCC or CCQ states. Another interesting generalization would involve the usage of the same geometric and topological methods to study mixed states of fermionic and bosonic systems.
One easily checks that C(T ) = K ρ and therefore, by Fact 7, K ρ is connected.
Proposition 14. Let ρ be a CQ state of a bipartite system C N1 ⊗ C N2 . Let K = SU (N 1 ) × I N2 . Then the stabilizer of ρ, K ρ = {k ∈ K| k.ρ = ρ} , is a connected subgroup of K.
Proof. Any CQ state can be written in the form ( see (47))
where P σ = i∈Iσ |i i|. Using the fact that k ∈ SU (N 1 ) × I N2 stabilizes ρ if and only if k preserves eigenspaces of ρ and repeating the argument from the proof of Proposition (13) we get that K ρ = C(T ) where T is a torus in K given by
Hence, by Fact 7, K ρ is connected.
